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Application of a New Class of Characteristic Function

ZHAO Liang  HAN Zhao—yang
( College of Science Harbin University of Science and Technology Harbin 150080 China)

Abstract: In Banach space considering introducing a new class of real characteristic functions f,,, (y) and
fein(y) the independent variable is ¢ and the domain is O + o) and the corresponding properties of those
new characteristic functions are used to characterize many geometric properties of Banach spaces. This paper
proceeds with the point of view of this new characteristic function. In this paper we discuss a new equivalent of
between such new characteristic functions and generalized modulus of convexity and generalized modulus of
smoothness in Banach spaces. A new method of judging uniformly convex and uniformly smooth Banach spaces is
given.

Keywords: Banach spaces; generalized modulus of convexity; generalized modulus of smoothness; uniformly

convex; uniformly smooth

Banach - Ba-—
Banach nach Banach
“ 7 Hil- 1936
bert “ 7 o Banach J. Clarkson 3
1-2 Banach
12019 -09 -11
: (12541145) .
(1995—)

(1970—) E-mail: zhaoliang@ hrbust. edu. cn.



2 : 155

° xyesS(X)}ae(ol)
A Banach .

3 M={(xy) eS(X) xS(X) If e
of S(X") f(x) = llx| f(y) =0}

“(t) = (1 - [1 - 1 s%(1) =
%) . 1975 I Diestel <) = (1 =a) [l - sup f,(x) 1 51
¢ s fn(9) -
s P21 (1) (e T
1988 6  Banach * @
1 Banach X
Banach
te (02 8 (1) > 0.
7-14 2 " Banach X
15 - 24 im 2L g,
—0+ 13
Banach 1° xyeS(X) t=0 |x+ey] -

la = [ S () dse

A
gls) = llx+syll

g(1) ~&(0) = [ g(5)ds

S(X") X X ] g(s)
v . _ (8 = im I sy Fhy |l = flx sy ]l _
xeX f.eS(X) fi(x) = g(s) im ;
h—0+
I s N, (x +sy y)
x—f, g
V(l >0]€1x Zf,;" N+(x+3yy) = ma)*( ﬂy) N_(x+3yy) -
5 P21 (1): z, z, e S(X) A > et
" I Eg(l%\r*l) Hf( )
s = |z + A5 || - = M. A = et
Fonalad = aean b=l f”ﬁ) c() =N (x+try) =fon(y)
6 (1) fom e X g () = fug() () = g(1) —g(0) =
A o [ fa(9) ds.
6 0 +x) ¢ 0
.fx+ty( x) f;c-ny( y) © fx+r_v( y)
Sren (%)
iy +hy || - [[x +ty] 2
fro(y) = lim Ax i thy y
h—0+ h
fx+ty( x) +tx+[)(y) = ||9C + Ly ” °
1 4
8 (e) =inf{l - |ax + (1 —a)y||:xy e )
S(X) |lx-y|| =€} ae(01) 1 ca(%t)sﬁx(“)(t) <c*(4) t E[O %]
Banach X )
57 a =min{fa 1 -a}s

+

px(1) =SUP{ o + Lyl + (1 —a)x =Ly - 1: (o) . .
2 2 8y Y (1) =inf{l - [lax+(1-a)y|:xyeS(X)



156

26

lx-y| =1} =
inf{1 = [x+(1-a)(y-2) [xyeS(X) [x-
vl =4 =
in - - - x 'H:
{1 -Jx+(1-a) fy-x] ”y_x”\

S(X) Jx-y| =1

(1)
<inf{ —(1-a) [y x| £ 2250 ) Ix-rl =
[y —«|
txyeS(X)} =
(1-a){l-f(n):llx-y] =txyeS(X)}o
(v x) e ( y + 4ix )
|y +4ix ||
{(xl xz):xl Xy ES(X) ||x] ) ” = }O
ﬁeS(X*) ||ﬁ | =1 |k1|:|f},(k1y+
kyx) | <I| kyy + kx| Yk k, € Ro
| by + kx| =1 k| Yk k e R.
(1) |y +4ix || =2
it Eesvred g -
= y+4ix | -1y +
’ny+¢xn Ty e
1 1
4dix | = (ly+dx| -1) ==
[ Iy + 40 | | | >
te[O l]o
(i) ly+4tx|| <2 ||y+4wm| -1 <2t
et o ) |-
= _— y+ =
’ IIy | [y +dex || |y +4x ||
|| - (|ly +4ix|| -1y +dix|| =
”y+4m ” [ I [ [
1
7( [4tx || =1 [y +4ex || =11) =
L4z—( |y +4ix| - 1) BL-thto
2 2
(1) ly+4dtx| <2 |y+4dix] -1 >2¢
e v Rl -
y +dix || =1)y +
’ny+%w| Ty e
dix | >%| Iy + x| —1|>%‘2t=to
’ oy +4ix y‘?to
|y +4ix ||
4ix
M (7y+ ) :
(y x) e Iy +dn ] e {(x x)
X % e S(X) v -yl =t}o

suplf/i(0): - vl = txy e S(X)} =
(y %) E]”} =sup{f),+4m(y):(yx) E]W}

sup{ /s
(1= I-sup{f(»):lx-yll =txyeS(X <
(I -a) 1 =sup{f.(y):(yx) e M =c"(4)
8 (1) < c“(41) .
(i) 0<a$%
87 (1) =(1-a) —sup{ ax +(1 -a)y|l -
xyeS(X) [[x-y| =1} =
(1-a) —asup{ x+1 — y‘—lixye
S(X) Nx-yl =)=
(l—a)[l—sup{ x+1_ y’—lixye

S(X) fx-yl =1}]

(1)
=(1l-all —sup{f“%u)(y)ix y € S(X)

I =yl ==

(1 =) [1 = sup{fize () ix y € S(X)

a= 19 }] -

1 -a’

(1 -a)ll - sup{fl;a( lfarw)( y)ix vy e S(X)

_ _— @ =

a_l—af”(x)}

(1-a)l1 —sup{f+T*:‘( y)ix y e S(X)

—_— _a =

a_l—af"(x)}

(1 _a) [1 - Sup{‘f)+ %:@, L(y) Xy e S(X)

x +ay |0

__—a _l-a ° (0O

a_l—af"(x) T e U
l_ax+ay Il

a—l_afy() —1_aﬁ,(x ) 1_a$

. x -y - =1 a(t—l) < 0.

At




2 157
1 (64 _a
‘ ‘(l_aﬁ(%) +d):0° (1—a)[l—Sup[fﬁ“”;jg""(x)ixyes(x)
x + ay
l -« |
-«
— a = — =
(y2) eM a—l_aaﬁ,(x) f,(x) <1 Ole(y)}]
Loy (l—a)[l—sup{fﬁwj(x)wcyeS(X)
l-a”
— 0
x + ay |- ax + 2%
Hl_a = a:—TafT(y) z = — E
l-a ax + 1] O
(l—a)‘ —x +ay|o
at _ 1l -« l -a, -«
+a < a =- £.(y) =- £y —2) - <
1 -« 2(1 - ) a a a
l -« a_1l-a
(1-0) [ s o= Sy —x) - =00 - ) <o,
(1—a)‘ ( —y)+( +a)y‘> ax + —%y
- I-a z AERE
-«
1 - ( @ - a t):ito et y‘
(T {17 2(1 - ) 2 |
1 -
o 1w le %0 ) = 0
1—a+a>2(1—a)t ax + ay’
1 - > (1 - ( @ )> -
( a) ‘l_ax+ay ( ) - l al (x2) e M. a:—l ajx(y) 1
a 1l -a
at _at
-a e~ 2° = a
e £ ez ) =y
¢ > l;a + axllo
gfp“;%()”)o l_a Y
l -« <1—at
89 (1) =(1-a)l1 _SUP{J(}»J@LU”):%}/ e S(X) o 2«
| x +ay | U a|——y +ax|=
azl_iaf)»(x) = —-a - Al B |
- H @ x+ay‘|:| ‘ (y —=x) +( _a+a)x2
l -« o
1-a)[1 - - = (g) (l—a_l—a)zl;a
(1-a) [1 = sup{f, a(y):(y2) e M =c 5 o - St
87 (1) = (%) l-a, _l-a
' 2 o' " 2
.. 1 — -
(1) ?$a<1 o OLy+ax>oz.(1 a—|a|)>a'12aa
a
(1) =a-sup{ [ax + (1 ~a)y | - (1-0a): _l-a
xyeSX) lxa-y| =1} = 2
(1—a)[1—suP{‘1(f x+y’—1:xye ‘ —=y + ax _
2 T
SO0 Jx -y =] b ?
x -y = —%y tax
foa ) S Bzl (x)

(1)
= (1-a) [1 =sup{[f,, o (x):x y e S(X)}|] =

I-a

< foitze( %)



158 26
30 = (- -suptf Ll ey e 500 ansupf (i (v + ) - 1)
¢ XHay 2
| ax + —ay | 1 -« 1y X s
- 64 — =
a=-——f00) s =1 _ T SB a (ﬂ’zw)( 2(l—a)) )xye ( )}
ax + 1= [[H :
« arsuplf p(x) + 1 o () +
1 ¥42q )

(1= L1 = supl /o (1) (x ) € 0] = *(15%)

5l (1) = cﬂ(l ;“t)o

1 X
() =(1-a 1 - Sup, (0 >0 Vi >0.
2 s(“)(%)$p§(t) < s\ (41)
a =min{l ~aa} 0<t<a-

(1) =Sup{ ax+éy—a+ (1—a)x—£yH—
(1-a)ixyesSX)}=
SUP{ owc+i -+ (l—a)x—LyH—

2 2
(1-a)i(xy) €M)=
sup{ ax+%y—ai(xy) eM}

( H(l—a)x—%yHB(l—a) (xy) eh) =

coant [ Lo

( fLy) =0
fon(y) =0)

(xy) e M}( 1 )
Sorn ()

5
Ba'sup{jfwy(y) ds:(x y) e M} =
b

a- Sup{ﬁfw@(y) ds: (x y) e M} =
% ssup{/f.(y) :(xy) e M} =

(%)
4

1l -« t

pi(0) = supf -
a 200

t
+ —y|-1+
* 2ay‘

1 -

a:xyeS(X)}=

(%) + —(ﬁ (y) -

1-a) 1 -a)

(2) —fogts

’(f”z(ﬁa)

2(1 - @)

v (x) <

*2(1-a)

1 -
at . f.

o
f;"+2(l _fl —at, x+t((u+21 ))

1
o
axtyt—

2111
1-at

X+t

ax+5

2 l —a
+at

‘ |a|+;
2(1 - ) -
1 -lali

e 1

f;—z(l"ia) = f(l+ut)x—t((,3+2(]’
_y
2(1 - o)
1 - at

2 < 2t
201 —a) —t

ax +

S

t




2 159
Foris(D = Ll (-2 <fipa (-9 2 suptfa(a) (v 2) e IS
4t * sup{f u(2):(x 2) e M}
l -«
pi(t) <a- Sup{ L |lax + 2(413/_7) (fx+r( T (2) - 2
foegin(D) (x2) €M)= 2 X
(a)
S t
1 lim — 0o
(1—a)t‘sup{(|a|+2(17_a)(f“|'az(z) - -0+ t
fez() (x4 e Ml<
1 . Banach M .
2t + sup{f,,.2.(2) (x2) e M} 2001:35.
4t « sup{f,riz( z) (x2) e M} 2 M. 1984: 63.
1 1 3 CLARKSON J A. Uniformly Convex Spaces J . Trans. Amer.
| - o = o Math. Soc. 1936( 40) : 394.
4 J. (
l -«
px(t) <a- Sup{f w(x) + fx_z( o (x) + ) 2006(1):183.
) WANG Fenghui YANG Changseng. On Generalized Modulus of
ZL(f“ZL( y) f;_zli( y) ) - —lx Yy € S( x) } Convexity J . Journal of Henan Normal University( Nature of Sci—
o a o
ence Edition) 2006( 1) : 183.
ax + L 5 DIESTEL J. Geometry of Banach Space-Selected-topics M .
z 20 a = — 1f ( y) Springer-Verlag 1975:20.
1 2a7"
ax + 27 6 . Banach J .
o
1988( 3) :93.
(v 2) e M. CHENG Lixing WANG Tingfu CHEN Lianchang. NEW Character—
2 1 istic Functions of Banach spaces J . Journal of Harbin University
() f s () =t a4 (0 () ~£s() + !
200 2 of Science and Technology 1988( 3) :93.
atlfn(x) ~fn(2) 7 .
2020 25(1):144.
ZHAO Liang YU Yang. Properties of Generalized Modulus of
al(f’“z%( x) f“‘z%( x) ) + H%( x) 1 a afx_z( lnra) x) = Smoothness and Generalized Modulus of Convexity J . Journal of
Harbin University of Science and Technology 2020 25( 1) : 144.
l -« 1 Anac
aofoa(x) (1 mafn() +12% w () <L 8 b
. o = A a 2019:5
9 ZUO Zhanfei. Banas-Hajnosz-Wedrychowicz Type Modulus of Con—
f“z% = f( V) ent(asst) = Sows ‘1’:?& I sz% = vexity and Normal Structure in Banach Spaces J . Journal of Fixed
s Point Theory and Applications 2018 20(2) : 1
f‘( |+fll)X—f(ax+i) = f;c—t l+(5m r4 10 ] .
ax + - lal+ L 2019 36(1) 17
¢ 20 <1 2a < 2t = 2 ZHAO Liang WANG Weiwei YU Yang. The Application of Gen—
<
1 +at I -lalt 20 - ¢ a eralized Modulus of Smoothness in Fixed Point J . Journal of Nat—
y 1 ural Science of Heilongjiang University 2019 36( 1) : 7.
ax + 5~ lal+ e 2
o <1 o < 2t te 0 a . 11 . Banach
1+ at 1 -lalt . 2018 26(4) : 140.
ZHAO Liang WANG Weiwei ZHANG Xing. Generalized Modu—
o lus of Smoothness in Banach Spaces J . Journal of Harbin Univer—
<x°* - y . <
pX(t) s Sup{ Qa “A f o ( )) SRS S(X)} = sity of Science and Technology 2018 26( 4) : 140.
1 12 GEORGE A. Conformable Fractional Approximations by Max-oper—
. s WL
o up{ t( lal +Z) ” Z) _f 2" ( ) (x z) € M ators Using Convexity J . Arabian Journal of Mathematics 2018 7
(3):159.
e Sup{f"*%Z( Z) _f"’%( Z) : (x Z) € M}< 13 Orlicz D .



160 26
2019:22. 20 J .
14 . Banach J . 1998 4(1): 81.
2016 21(4):112. YANG Changseng ZHAO Junfeng. A Geneaalization for Estima—
ZHAO Liang ZHANG Xing. Generalized Modulus of Smoothness tion Theorem on Modulus of Convexity J . Acta Mathematica Sini—
in Banach Spaces ] . Journal of Harbin University of Science and ca Chinese Series 1998 4( 1) :81.
Technology 2016 21(4) :112. 21 . Hahn-Banach
15 . Banach M . J. 2001 21(1): 133.
1986: 86. YANG Changseng ZUO Hongliang. An Application of Hahn-Ba—
16 . Banach N nachs Theorem to Modulus of Convexity J . Acta Mathematica
J. 1990( 3) :309. Scientia 2001 21( 1) :133.
CHENG Lixin CHEN Lianchang WEI Wenzhan. Characteristic 22 SAEJUNG S. Characteristic of Convexity of a Banach Space and
Functions and Modules of Convexity and Modules of Smoothness in Normal Structure J . J. Math. Anal. Appl 2008(337) :123.
Banach Spaces J . Journal of Mathematics 1990( 3) : 309. 23  SAEJUNG S. Sufficient Conditions for Uniform Normal Structure of
17  DANES J. On Local and Global Moduli of Convexity J . Com-— Banach Spaces and Their Dualspaces J . J. Math. Anal. Appl
ment. Math. Univ. Carolinae 1976( 67) : 413. 2007(330) :597.
18 DAY M M. Some Characterizations of Inner Products Spaces J . 24 J .
Trans Amer. Math. Soc. 62 1947( 62) : 320. 2003 8(1):118.
19 J . WU Chunxue. A Remark about Convex Modulus J . Journal of

2009 26(2) :206.

CUI Yunan ZUO Zhanfei. The Application of Generalization
Modulus of Convexity in Fixed Point Theory J . Journal of Natural

Science of Heilongjiang Universiy 2009 26(2): 206.

Harbin University of Science and Technology 2003 8( 1) : 118.

( )





